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Abstract: In the present article, we study the space-time geometry felt by probe bosonic 
string moving in antisymmetric and dilaton background fields. This space-time geometry 
we shall call the stringy geometry. In particular, the presence of the antisymmetric field 
leads to the space-time torsion, and the presence of the dilaton field leads to the space-time 
nonmetricity. We generalize the geometry of surfaces embedded in space-time to the case 
when torsion and nonmetricity are present. We define the mean extrinsic curvature for 
Minkowski signature and introduce the concept of mean torsion. Its orthogonal projection 
defines the dual mean extrinsic curvature. In this language, one field equation is just the 
equality of mean extrinsic curvature and dual mean extrinsic curvature, which we call C- 
duality relation. In the torsion and nonmetricity free case, the world-sheet is a minimal 
surface, specified by the requirement that mean extrinsic curvature vanishes. Generally, 
it is stringy C-dual surface. In the presence of the dilaton field, which breaks conformal 
invariance, the conformal factor which connects intrinsic and induced metrics, is determined 
as a function of the dilaton field itself. We also derive the integration measure for the space- 
time with stringy nonmetricity. 
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1. Introduction 

In the paper [Q], we investigated classical dynamics of the bosonic string in the background 
metric, antisymmetric and dilaton fields. The starting Lagrangian has been used in the 
literature j^, |5|, in order to study the two-dimensional conformal invariance on the 
quantum level. In those papers the classical space-time equations of motion have been 
obtained from the world-sheet quantum conformal invariance. 
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In the ref. [Q], we made classical canonical nonperturbative investigations, treating 
world-sheet fields as variables in the theory and space-time fields as a background depending 
on the coordinates x^. We obtained the nonlinear realization of the Virasoro generators. 
We also derived the Hamiltonian equations of motion and shortly discussed the target space 
torsion and nonmetricity, recognized by the string. 

In the present paper, we are going to investigate in detail the space-time geometry 
felt by the string, and offer geometrical interpretation of the equations of motion. In Sec. 
2, we will consider general theory of surfaces embedded in space-time with torsion and 
nonmetricity, and in Sees. 3 and 4 we will apply this results to the bosonic string theory 
in the background fields. 

Starting with the known rules of the space-time parallel transport, in Sec. 2 we intro- 
duce the torsion and nonmetricity. We decompose the arbitrary connection in terms of the 
ChristofFel one, contortion and nonmetricity. Then we define the induced world-sheet vari- 
ables: metric tensor and connection, and extrinsic one: second fundamental form (SFF). 
The world-sheet tangent vector, after parallel transport along world-sheet line with space- 
time connection is not necessarily a tangent vector. Its world-sheet projection defines the 
induced connection and its normal projection defines the SFF. When the metric postulate 
is not valid, there are two forms of the world-sheet connections and two forms of SFF. 
The two forms, of both the connection and the SFF, differ by terms proportional to the 
nonmetricity. We also introduce the induced torsion and induced nonmetricity and find 
the relations between space-time and world-sheet covariant derivatives. We generalized 
the geometrical interpretation of the SFF to the case where the space-time has nontrivial 
torsion and nonmetricity. In the standard approach the torsion does not contribute to the 
mean extrinsic curvature (MFC) °Hi. We define dual mean extrinsic curvature (DMEC) 
*Hi as an orthogonal projection of the mean torsion. This enables us to define the self-dual 
(self-antidual) condition, under C-duality °Hi = ±*Hi. 

In Sec. 3, we formulate the bosonic string theory and shortly repeat some results of 
ref. [|^, such as canonical derivation of the equations of motion. We independently derive 
the Lagrangian equations of motion and connect them to the previous ones. We introduce 
the stringy space-time felt by the probe string and find the expressions for stringy torsion 
and stringy nonmetricity. 

In Sec. 4, we investigate contributions of the background fields to the space-time 
geometry. The equations of motion with respect to the intrinsic world-sheet metric relate 
this intrinsic metric with the induced one. In the absence of the dilaton field <I>, the theory 
is conformally invariant, so that the intrinsic metric tensor is equal to the induced one up 
to the conformal factor A. The presence of the dilaton field breaks the conformal invariance 
and determines this conformal factor. 

Equations of motion, obtained by variation with respect to x^, have D components. 
Two of them determine the contracted intrinsic connection in terms of the corresponding 
induced expression. The other D — 2 are of the form *Hi = ^*H^i, where *Hi is stringy 
MEC and *H±i are the two forms of DMEC. They define world-sheet as a stringy C- 
dual (antidual) surface. In two particular cases, — the vanishing torsion and the vanishing 
nonmetricity — the field equations turn to the equations of stringy minimal world-sheet 
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*Hi = and C-dual (antidual) world-sheet Hi = ziz*Hzfi, respectively. In the case of 
Riemann space-time, when both torsion and nonmetricity vanish, they turn to the equations 
of minimal world-sheet Hi = 0. 

The presence of the space-time metric G^^ produces just the standard Christoffel 
connection. In this case, the string can see the space-time as Riemannian one. The field 
strength of the antisymmetric tensor contributes to the space-time torsion. So, string with 
background fields G^^^ and B^i, feels Riemann-Cartan space-time. Finally, the dilaton field 
$ produces the nonmetricity of the space-time. The target space observed by the string, 
when all three background fields G^^, and <I> are present, we will call the stringy 
space-time. 

In sec. 5, we consider the possible forms of the space-time action. We obtain the new 
integration measure for spaces with nonmetricity from the requirements that the measure 
is preserved under parallel transport and that it enables integration by parts. We discuss 
how our action is related to the action of the papers [^, ^ . 

Appendix A is devoted to the world-sheet geometry, and Appendix B to the classifi- 
cation of space-time geometry and to the world-sheet as an embedded surface. 

2. Geometry of surfaces embedded in space-time with torsion and non- 
metricity 

The geometry of surfaces, when the world-sheet is embedded in curved space-time, has been 
investigated in the literature, see [P, 0]. In this section we will generalize these results for 
the space-times with nontrivial torsion and nonmetricity. For some details of the subsection 
2.1 see refs. @, g. 

2.1 Geometry of space-time with torsion and nonmetricity 

In the curved spaces, the operations on tensors are covariant only if they are realized in 
the same point. In order to compare the vectors from different points we need the rule 
for parallel transport. The parallel transport of the vector V^^{x), from the point x to the 
point X + dx, produce the vector = + °5V'^, where 

°5V^ = -°T^'p„VPdx'' . (2.1) 

The variable °T^a is the affine linear connection. The rule for the parallel transport of 
the covector U^{x), can be obtained from the requirement that the invariant vector product 
is not changed under parallel transport °6{y^U^) = 0, so that 

°,5C/^ = °TP,,Updx'' . (2.2) 

Now, we are able to compare vectors from the points x and x + dx, and define the covariant 
derivative 

°DV^' = V^{x + dx) - = dV^ - °5V^' = {d^V^ + °T^' VP)dx'' = "D^V^dx'' . (2.3) 
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Let us define the geodesic line as a self-parallel line, which means that the tangent 
vector t'^ = = x^, stay parallel after parallel transport + °t^ = t^{s + ds). It produce 
the equation 

x'^ + °r^^x''i;'" = , (2.4) 

stating that the covariant derivative along the geodesic is zero x'^ °DyX^ = 0. 

The connection is not necessary symmetric in the lower indices, and its antisymmetric 
part is the torsion 

Orpp _ Opp _ Opp /r, c-N 

It has a simple geometrical interpretation. Consider two geodesies ii and £2, starting at 
the point A, with the corresponding unit tangent vectors tr = (r = 1,2), (Fig. 1). 
Let us perform parallel transport of the vector along geodesic ii, to the point B at the 
distance dsi = d£i. The final vector we denote by tt^. It defines direction of the geodesic £2, 
which starts at the point B and ends at the point Di, at the distance ds2 = di2- Similarly, 
we perform parallel transport of the vector t^, along geodesic £2, to the point C at the 
distance ds2 = d£2- We obtain the vector t^*, which determines the geodesic £1. The point 
D2, lies on the geodesic £1 at the distance dsi = d£i from point C. 




Figure 1: Geometrical meaning of the torsion. 



In the curved space-time, this figure is not necessary closed. The difference of the 
coordinates at the points D2 and Di is proportional to the torsion 

x^(D2) - x^'iDi) = °r^V- *i *2 d£i d£2 . (2.6) 

In fact the torsion measures the non-closure of the "rectangle" ABCD. 

The metric tensor G^y is a new variable, independent on the connection. This is 
a non-degenerate symmetric tensor, which enables us to calculate scalar product VU = 
GfiuV^U'^ , in order to measure lengths and angles. 
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We already learned, that covariant derivative is responsible for the comparison of the 
vectors from different points. What variable is responsible for comparison of the lengths of 
the vectors? The square of the length of the vector is V^{x) = G^,y{x)Vf^{x)V'^{x). 

The square of the length of its parallel transport to the point x + dx, is °V||^(x + dx) = 
Gf^u{x+dx)°V^f^ "^f" stress, that we used the local metric tensors in both expressions 

and realized the parallel transport with the connection "r^/i. If we remember the invariance 
of the scalar product under the parallel transport, than the difference of the squares of the 
vectors is 

°5V^ = °V^f{x + dx) - V^{x) = [G^,(x + dx) - G^,{x) - °SG^,{x)] °V^i^ . (2.7) 
Up to the higher terms we have 

°6V^ = [dG^,{x) - = ^DG^.V^V = -dx" °Qp^.V^V'' , (2.8) 

where we introduced the nonmetricity as a covariant derivative of the metric tensor 

Q fipa — DpGpcr • (^•9) 

Beside the lengths, the nonmetricity also changes the angle between the vectors Vi and 
according to the relation 



°5cos(Z(yi,F2)) 



°Qf.padxf' . (2.10) 



Note that we performed the parallel transport of the vectors, but not of the metric 
tensor. It means that for length calculation in the point x + dx, we used the metric tensor 
Gfj,u{x + dx), which lives in the same point, and not the tensor Gp^u + °6Gpu obtained after 
parallel transport from the point x. The requirement for the equality of these two tensors is 
known in the literature as a metric postulate. In fact, it is just some kind of compatibility 
between the metric and connection, such that metric after parallel transport is equal to the 
local metric. Here we will not accept this requirement, because the difference of these two 
tensors is the origin of the nonmetricity. So, the nonmetricity measures the deformation of 
lengths and angles during the parallel transport. 

We also define the Weyl vector as 

= ^GP'^°Q,P'^ > (2-11) 

where D is the number of space-time dimensions. When the traceless part of the non- 
metricity vanishes 

(^ppcr= Q ppcr G p(j Qp — , (2.12) 

the parallel transport preserves the angles but not the lengths. Such geometry is known as 
a Weyl geometry. 

Following the paper Q , we can decomposed the given connection °r(yp in terms of the 
Christoffel connection, contortion and nonmetricity. If we introduce the Schouten braces 
according to the relation 

{fipa} = afip + pafj, — fipa , (2-13) 
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then the Christoffel connection ([B.2|) , can be expressed as T^^po- = ^d^^Gp^^y The contor- 
tion °Kpp(j is defined in terms of the torsion 

Kppa = — T^crpp} ~ 2^ ^pcM ~^ '^i^P'^ ~ • (2-14) 

By definition, the contortion is antisymmetric under first two indices °Kppr, = —°Kpp(y. 
The Schouten braces of the nonmetricity can be solved in terms of the connection 

^ p,,pa — ^ p,pa ~\~ Kppfj + — Qs^ppa] ■ (2-15) 

The first term is the Christoffel connection , which depends on the metric but which does 
not transforms as a tensor. The second one is the contortion (2.14) and the third one is 



Schouten braces of the nonmetricity ( |2.9| ). The last two terms transform as a tensors. 

The first and third terms are symmetric in a indices. In the second term we can sep- 
arate symmetric and antisymmetric parts, °Kpptj = °Kp(^p„-^ + \°Tpp„, where he symmetric 
part of the arbitrary tensor Xpy we denote as ^(^i/) = \{Xpi, + X^p). Consequently, we 
have 

°r^, = °rf^^) + i%^,. (2.16) 

2.2 Induced and extrinsic geometry 

Let x'^(^) (/X = 0, 1, D — 1) be the coordinates of the D dimensional space-time M/) and 
{^^ = '^■•^^ = ^) the coordinates of two dimensional world-sheet S, spanned by the string. 
The corresponding derivatives we will denote as dp = and = We will use the 
local space-time basis, relating with the coordinate one by the vielbein = {daX^ ,n^}. 
Here, dax'^ = is local world-sheet basis and (i = 2,3, ...,D — 1) are local unit 

vectors, normal to the world-sheet. 

The two dimensional induced metric tensor is defined by the requirement, that any 
world-sheet interval measured by the target space metric, has the same length as measured 
by the induced one. For a given space-time metric tensor Gpy, the world-sheet induced 
metric tensor takes the form 

Gap = Gp.dax^^dpx" . (2.17) 

Similarly, the induced metric of a D — 2 dimensional space, normal to the world-sheet, 
is Gij = GpuTifrij. The mixed induced metric tensor Gai = Gpi,daX^n\ , vanishes by 
definition. 

The world-sheet projection and the orthogonal projection of the arbitrary space-time 
covector V^, we will denote as 

Va = do^xi'Vp , Vi = n^Vp . (2.18) 

In the space-time basis, tangent and normal vectors to the world-sheet S can be expressed 
respectively as 

= dc^x^v"" , = . (2.19) 
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a) Parallel transport of the world-sheet tangent covectors. Let us perform the parallel 
transport of the covector along world-sheet line, from the point to the point 
using the space-time connection "rj;^^ (Fig. 2). We obtain the covector 

°y\\i. = yp+°^y^, (2-20) 

where 

°SV^ = "^".pVj'dxP = ''T-^pV^d.xPdC ■ (2.21) 
In the local basis, at the point ^ + d^, its world-sheet projection has the form 

°vf^ = d^x>^{i + dirvl^. (2.22) 




Figure 2: Definition of the induced connection °T^^ and SFF °biap from the parallel transport of 
the world-sheet tangent covector. Here = + °r^^v^ and "wp = —°biaf} v°'d^'^. 

Let us introduce the world-sheet induced connection °Ta-f We demand that it 
defines the rule of the parallel transport of the world-sheet covector Va, along the same 
world-sheet line, to the projection So, we have by definition 

°^'|fa = ^" + °SVa , (2.23) 

where 

°6v^ = °T^^^Vf3dC . (2.24) 
It produce the expression for the induced connection 

°Tl^ = G^'dsx>'G^,CT;,do.xPdpx^ + dpdax'') = G^' 85x^^0,,,° Dpd^x'' , (2.25) 

where °DaV^ = dax'^°D^V^ is space-time covariant derivative along world-sheet direction. 
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The orthogonal projection of the covector °V^^ , defines the second fundamental 
form, °bia/3 , trough the equation 

<(e + dO°V^f^ ^ °vf^ = -"Kpv^d^" , (2.26) 

or explicitly 

%ap = nf °Dp{Gf,,daxn = -d^x''G,,,°Dpn^ . (2.27) 

The SFF define the extrinsic geometry. 

b) Parallel transport of the world-sheet orthogonal covectors. If we perform parallel 
transport of the covector V^, orthogonal to the world-sheet (Fig. 3), we obtain 

= + °sv^^ , °sv^^ = °r;:,K^dx'' = °r';^v,^d^xPde • (2.28) 

Its normal projection, defines the induced connection of the D — 2 dimensional space, 
normal to the world-sheet 

°r}„ = G^'=<G^,°Z)„nJ , (2.29) 
and its world-sheet projection defines also the SFF, which we denote by °6iQ,/3 

daxf^iC + de)°^^|t ^ = v' °hapdf . (2.30) 




Figure 3: Definition of the induced connection °r^^ and SFF °bia_p from the parallel transport of 
the world-sheet orthogonal covector. Here "v-^^ = "bia/i v'^d^^ and °v^- = Vi + °r^Q,Wj dS," . 

Note that the expression for this new SFF 

°biaf3 = n'^G^^^Dpdc.x'' = -a,x"°D^(G^,nf) , (2.31) 
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differs from the previous one ( 2.271 ) by the term containing the covariant derivative of the 
metric. So, in the spaces with nonmetricity, there are two forms of SFF, connected by the 
relation 

°bial3 = %at3 + . (2.32) 

c) Parallel transport of the world-sheet vectors. In the similar procedure for the vectors 
and V^, the orthogonal projection of the °V^| produce —°biaf3 and the world-sheet 

projection of produce °hiap- 

In analogy with the previous result, we define the bar induced connection through the 

relation 

+ °~5vo. = d^x^'ii + di)G^,{i + dO°^s|l ' (2.33) 

where 

= °f%vpdC^ . (2.34) 

Then, we have 

°f = d^x''°Dp{G^,d^x>') = °r^,„;3 - °Qp^,dpxPdo^x^'d^x'' , (2.35) 

which relates the two forms of the induced connections up to the nonmetricity term. 

So, the induced connection and the SFF are projections, of the space-time covariant 
derivative of daX^, to the world-sheet and its normal, respectively. Consequently, we have 
the generalization of the Gauss- Weingarten equation 

°Dpd^x^ = °rl^d^x^ + %ip nf , (2.36) 

and 

°D(,{G^,daxn = Crlf.d^x-' + %p OG^, . (2.37) 

There are also two forms of the world-sheet induced covariant derivatives, correspond- 
ing to two forms of the world-sheet connections 

°VaVf3 = daVp - "T^p^V^ , "Vo-f/j = daVp - °r^„V7 • (2.38) 

They are related by the expression 

°V^vp = °V^vp + °Q„/37^^ = Gp^'^V^v'r . (2.39) 

From this point we will use the variables without bar, because the bar variables can be 
expressed in terms of the first ones and nonmetricity. 

2.3 Decomposition of the induced connection "F^^ and of the SFF °6jQ,^ 

In analogy with the general rule for connection decomposition, we can decompose the 
induced connection and SFF. With the help of (|2.15|) we have 



"OpdaX^" = DfidaX^' + + i°g^^p}) daX'dpXP . (2.40) 
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The world-sheet projection of the last equation, produces the decomposition of the induced 
connection ^ 

°'^y,al3 = r^,a/3 + ° K^afi + l^Qi^yaP} > (2-41) 

in terms of induced Christoffel connection, induced torsion and induced nonmetricity 

= G^^^ix^' G^,°Dpd^x^ , (2.42) 

°T^p^ = "T^p^dax^'dpxPd^x'' = °r,,^^ - °ra,y(, , (2.43) 

°QafS-y = "Q^p^daX^'dpXPdyX'' = -°V„G^^ , (2.44) 

where °K^ap = ^°7{7a/3} is the induced contortion. Note that both the torsion and non- 
metricity are tensors, so that the corresponding relations do not have non-homogeneous 
terms. 

The orthogonal projection of ( 2.40| ) produces the decomposition of the SFF 

°bial3 = bial3 + °Kiaf3 + 2°Q{ial3} = ^iaP + ° biafi +2° ) (2-45) 

where we used the notation 

bia(3 = n^G^.Dpdax" , (2.46) 
°L/3= °T^panfdaXPdpx'' = °Ti^p , (2.47) 

° biaf3= V^pantdaXPdpx'' = ViaP , (2.48) 

and similarly as before °Kiai3 = ^°T^iaf3}- 

Consequently, with the help of ( 2.36| ) we have 

Dpdax^' = d^xP + bi^ < , (2.49) 

"T^'p^daxPdpx'' ^ °T\p = °T\pd^x^' + < , (2.50) 

V^padaXf'df.x'' = V''af3 = "Q^^d^X^ + Vif, < • (2-51) 

When the torsion is present, the SFF is not symmetric in a, /3 indices. Similarly as in 
the case of the connection, we can write 

°bia(3 = °bi(al3) + , = bia/B + ° K^a/S) + l°Q{ial3} ■ (2.52) 

2.4 Relations between space-time and world-sheet covariant derivatives 

Starting with the definition of the space-time covariant derivatives along world-sheet di- 
rection 

°DV'' = ^{^ + (1^) -V^i^ , (2.53) 

we can obtain its world-sheet and orthogonal projections, multiplying ( ^.53 ) with Gpy{^ + 
d^)dax''{S, + d^) and G^uiC + + respectively 

dax'Gp.^DpV' = °Vpv^-v'°ko.p, rfiGp,°D^VP = °V^Vi + vP°b,p^. (2.54) 



-10- 



With the help of the relation = daX^v°' + n^v^ we obtain 

= °VaV^ dfsx'' + nf %}^y + nfG'^ °VaVj - df^x^'v'G'^'' . (2.55) 
Similarly, for the covectors we have 



G^"'dpx''°Vc,v^ + n\ %y\ + G^^ | G*-'<°VaV,- - G^^d^x^'v' °h 



(2.56) 



For the world-sheet tangent vectors, the last two equations produce 

°D^V^ = dpx^' + < °Upy , (2.57) 



G^'<dpx''°V^v^ + nr%y 



(2.58) 



We will also need the relation 

{°Doy^)dpx>' = °VaVf, - v' , (2.59) 
obtaining multiplying ( 2.56| ) by dpx^. 



2.5 Mean extrinsic curvature 

In the torsion free case, the SFF is symmetric in the world-sheet indices and its properties 
are well known in the literature. Here, we will consider the case when nontrivial torsion 
and nonmetricity are present. 

As usual, a curve is parametrized by its length parameter s, so that the unit tangent 
vector is = If the curve lies in the world-sheet, we have = t"daX^, with = 
Let us denote by Pi, the 2-plane spanned by the tangent vector and the unit world- 
sheet normal n^. Then, = SP|Pj is the i-th normal section of the world-sheet S. The 
curvature of the normal section li, as a space-time curve, is defined as the orthogonal 
projection of "D^t^ 

°h = °Dst^G^,n'^ , (2.60) 

where °Dst^ = x'^°Dyt^^, is the covariant derivative along the curve. It produces the 
following expression 

°h = t-t^ = t-t^ = ■ (2.61) 

The curvature °ki depends on the direction of the tangent vector t" and only on the 
symmetric part of the SFF. Let us stress, that in the presence of nonmetricity, °Dst^ is not 
orthogonal to the tangent vector t^, and we additionally performed orthogonal projection. 

In Euclidean torsion free spaces, the maximal and minimal values of °ki are the principal 
curvatures. The corresponding directions, defined by t", are the principal directions. The 
principal curvatures are eigenvalues of the SFF and corresponding eigenvectors define the 
principal directions. 
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In our case, the curvature °ki, ( 2.61| ), is divergent in the hght-cone directions. Conse- 



quently, the extremely values do not exist. Still, we can obtain the necessary information 
from the eigenvalue problem 

(°6j.^-VG,^K = 0. (2.62) 

The eigenvalues of the quadratic forms with respect to the metric Ga/s, we define 
as a principal curvatures in Minkowski space-time. They are the solutions of the condition 
det(°6^ - VG)„/3 = 0, or exphcitly 



Vo^i = °H' ± ^{°Wf - . (2.63) 

Here 

°F^ = iG"^°6^^ =i(°K^ + Vi), (2.64) 

det 

is the trace of the SFF and = ^"'^ = °Kq°k\ (no summation over i) is Gauss curvature. 



In order to simplify the relation ( 2.61 ), we will go to the new frame in which both 
symmetric matrices. Gap and °bi(^ai3)j are diagonal. We can choose the eigenvectors {vq, 
vf) of the symmetric part of the SFF as new basis vectors. Then, instead of ( 2.62| ) 

we have {°b\^^^^ - °K'Ga/3)v^ = 0, which produces (°k^ - Vi)(w^G«^wf ) = 0. For / V^, 
the eigenvectors are orthogonal. Let us chose vq to be time-like vector and vi to be space- 
like vector, and normalize them as = 1, v\ = —\. In the basis {vq,vi), both the metric 
and the symmetric part of the SFF, obtain diagonal forms 

1 \ , /°4 



The curvature of the line ii becomes 

°kli{a) = °Kq cosh^(a) — °k\ sinh^(a) , (2.66) 

where a £ (—00,00) parametrize all time-like directions of the tangent vectors. Similarly, 
for the space- like tangent vectors, we have 

°kii{a) = °4 sinh2(a) - °k\ cosh2(a) . (2.67) 

The i-th MEC usually is defined as a mean value of the i-th normal section, if we 
fixed the normal nf and rotate the tangent vector t^. In Euclidean spaces, the sin and 
cos functions appear instead of sinh and cosh, so that the mean value is well defined. 
In Minkowski spaces, the curvature ( 2.61| ) is divergent in the light-like directions. We 



introduce the cut-off A, and define regularized mean curvature for the time-like region 

°Hli{K) = ^j''^°k\,{a)da, (2.68) 

and similarly for the space-like one. Finally, the mean extrinsic curvature we define as 
a mean value of the time- like mean curvature with sign +, and space-like mean curvature 
with sign — , with the same cut-off A going to the infinity. We obtain 



A 



hm \[°Hl,{K) - °Hl,{K)] = 1(°4 + Vi) = °W , (2.69) 
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which is just the expression ( ^.64 ), because the A dependence disappears. 

For ah hnear combinations of the vectors vq and vi are eigenvectors. 

We can choose some orthonormal basis, in which 

Then the hue curvature does not depend on the tangent vector direction 

= V[cosh2(Q) - sinh2(Q)] = V = "Hji , 
°Ki{a) = V[sinh2(a) - cosh2(a)] = -V = °Hii . (2.71) 

Consequently, the MEC has the same interpretation \(^Hli — °Hli) = = °H\ 

The surface defined by the equation = is minimal surface. The name stems 
from the fact that in the Riemann space-time the equation Hi = define the surface of 
minimal area P2 = f (i^^^-^/— detG^ , for the fixed boundary. In fact, for this surface the 
first variation of the area vanishes 

5P2 = -2 y d^CV-det Gap H'n^G^u dx" = . (2.72) 

2.6 Dual mean extrinsic curvature, extrinsic mean torsion and C-duality 

Let us stress that above consideration is torsion independent, because the antisymmetric 
part of the SFF disappears from ( p. 61 ) and ( p.64| ). We are going to include the torsion 
contribution and generalize the above results. 

Let us first generalize the eigenvalue problem, and then offer its geometrical inter- 
pretation. We introduce the dual eigenvalue problem, such that linear transformation 
of the vector with operator °6^^ is proportional to the two dimensional dual vector 

*Va = V-G2 (G2 = det G^fi) 

XpV^ = *K'*Va, (2.73) 

or equivalently 

It is similar to ( |2.62| ) , but for the completeness we also need the eigenvalues of the quadratic 
forms with respect to the antisymmetric tensor eap\/—G2- 

The solutions of the condition det(*6' — ^2)0/3 = 0, have the form 



%0 - e„;3 = . (2.74) 



*k'q^^=*H' ±^J{*H')^^ + °K' . (2.75) 

In analogy with the previous case, we will call them dual principal curvatures, and the 
variable 

*W = i(*4 + *k\) = = = , (2.76) 

det 

the dual mean extrinsic curvature. Here = (^"^ = *Kq*k\ (no summation over 
i) is the same Gauss curvature as before. 
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Let us now turn to the geometrical meaning of the DMEC. In the case when and 
are world-sheet tangent vectors (Fif. 1) (note that all geodesies £i, £2, £1 and £2 still could 
be space-time curves) we can rewrite (|2.6[) in the form 

x>'{D2) - x^'{Dl) _ e^" 

2dPi2 ~ 



= ^ J,^^ ^ ' = °T^^daXPdpx'' . (2.77) 



Here, dPu = V^det{^)d£id£2 is area of the parallelogram, spanned by the vectors 
ii = t'^d£i and £2 = t2^^2 , and where G2 = detGo-^. We can conclude that "T'^ does not 
depend on the directions and and on the lengths d£i and d£2. So, we will call this 
variable the mean torsion. Its world-sheet projection is induced mean torsion 

= °m^,d^x'' = ^-^^ °r^„^ . (2.78) 

Its normal projection is the extrinsic mean torsion 



£ 



Pa 



°Ti = °m^,nf = °Tiap = *Hi , (2.79) 

which is exactly the same variable as DMEC, defined above in ( 2.76| ). 

We can formulate the dual eigenvalue problem ( 2.7'j| ), as an ordinary eigenvalue prob- 
lem (*6^^ - *K^Gai3)v°' = 0, if we introduce the dual SFF 



%l^^ = ^p^%l^. (2.80) 



We define the C-duality (Curvature duality), which maps SFF to dual SFF, °6^^ — > 
*^Q/3' ™^ interchanges the role played by the symmetric and the antisymmetric parts of 
the SFF. Consequently, under C-duality MEC maps to DMEC, allowing the exchange of 
the mean curvature and mean torsion. 

The self-dual and self-antidual configurations 

°H' = ±*W , (2.81) 
correspond to the following conditions on the SFF 

(G°/^T^^)°6^„ = 0. (2.82) 

The equations ( 2.81 ) and ( p.82| ) define C-dual (antidual) surfaces. In the torsion free 
case, they turn to the standard minimal surface condition, °W = 0. 



3. The stringy geometry as a space-time perception by probe string 

We are going to investigate the dynamics of the string, propagated in the curved space- 
time. From the mathematical point of view, the string equations of motion describe the 
embedding conditions of the world-sheet in the space-time. We are particularly interested in 
the target space geometry properties, recognized by the string. We will see, that the probe 
string feels more space-time features (torsion and nonmetricity) then the probe particle. 
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3.1 The action and the canonical analysis results 

The action §-§ 

5 = K (fC^ I ^g'^^G^.ix) + -^i?^,(x)J 5„x'^a/3x'^ + ^x) R I , (3.1) 

describes bosonic string propagation in x'^-dependent background fields: metric G^^, an- 
tisymmetric tensor field B^^, = —By^ and dilaton field ^. Here, g^p is the intrinsic world- 

^(2) 

sheet metric and R is corresponding scalar curvature. In App. A, we will introduce the 
intrinsic connection a;, as a Christoffel connection for the intrinsic metric Qap- So, we mark 
all related variables with the sign oj, in order to distinguish them from the corresponding 
induced ones. 

In this paper we will restrict our consideration to such forms of the dilaton fields 
that its gradient = 5^$, is not light-cone vector. So, the condition a? = G^^a^^ay ^ 
is fulfilled in the whole space-time. 

The projection operator 

pT - r - "^"'^ - r _ r) = l"^ 9^ 

(n^ = , where e = 1 if is time like vector and e = — 1 if is space like vector) , can 
be interpreted as the induced metric on the D — 1 dimensional submanifold ^{x) = const. 

Let us briefly review the result of the canonical analysis of ref . . It is useful to deflne 
the currents 

J±, = P\^J±. + ^^1=J±,-^J, (3.3) 
'± = ^j±f. - -^i± ± 2kF' , il = 7rF± 2k^' , (3.4) 



where 



and 



J±M = + 2Kn±f,yx'" , U±f,u = B^y ± ]^G^y , (3.5) 



j = a>^j±,-\il=a^{ii^2KF'). (3.6) 

All T and a derivatives of the fields x^, F and ^ can be expressed in terms of the 
corresponding currents 

= — (/i~J-.-/i+J+.), (3.7) 
Ik 

F = —{h-i^-h+il)--{h-+h+y, ^ = —{h-i'^-h+il), (3.8) 

and 

x^' = ^(J+.-J^.), F' = -{^^-i^), (4-.*). (3.9) 

2k, 4k 4k 

Up to boundary term, the canonical Hamiltonian density has the standard form 

He = h-T. + h+T+ . (3.10) 
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The energy momentum tensor components obtain new expressions 



T± = (G"^'^ J±. + + \it = {G^''3±^j±u - ^) + ^± > (3-11) 



where 



1 



^± = §(4' -^'4)- (3.12) 

The same chirality energy-momentum tensor components satisfy two independent 
copies of Virasoro algebras, 

{T±,T±] = -[T±{a) + T±{a)]5' , (3.13) 

while the opposite chirality components commute {T±,T^} = 0. The energy-momentum 
tensor components T± are generators of the two dimensional diffeomorphisms. Their new, 
non-linear representation is the consequence of the dilaton field presence. 

3.2 Equations of motion 

In the paper Q, using canonical approach, we derived the following equations of motion 

[J^] =v^ ^±x^' + *r^^,9±x^9^x" = , (3.14) 

[h^] = G^^d±x''d±x'' - 2 V± d±^ = , (3.15) 
a; (2) 2 

[i^] =R +^{D^^,a^)d±x''d^x'' = 0, (3.16) 

where the variables in the parenthesis denote the currents corresponding to this equation. 
The expression 

*r^,^ = r^,^ + ^D±^a, = P^P.Tl,^, + ^d^a, = ± P^^.B^^ + ^D^a, , (3.17) 

which appears in the [J^] equation is a generalized connection, which full geometrical 
interpretation will be presented later. Under space-time general coordinate transformations 
the expression *r^j^^ transforms as a connection. In ( 3.14| ) and ( p.l6| ) we omit the currents 
lb indices, because [J^] = [J^] and [i^] = [i^] as a consequence of the symmetry relations 
*r^^p<x = *^±ap and D^^a^ = D±^a^. 

We can derive the Lagrangian equations of motion, independently of the previous 
consideration. Varying the action ( |3.lD with respect to x'^, we obtain 

(2) 

[xn = 5°^ Va dpx^ + V^^f'^^^d^x^dfix'^ -a^R = , (3.18) 

where 

rM)/.^^ = r;^, - ^Bj^^ ■ (3-19) 

Because in the light-cone basis we have = and = 0, the above expression 
has only two nonzero components 

r(T±)V = r^p., r(±±)v = o. (3.20) 
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So, the expression "two types of connections", which has been used in the hterature, means 
that in the hght-cone basis there are just two nonzero elements of five indices expression 



(3.19). The connections T^p^ corresponds to the parahel transport along the light-cone 
lines d^^, respectively. Trough the paper we will preserve the word connection, having in 
mind this comment. 

Instead of the equations of motion with respect to the world-sheet metric gap, we prefer 
to have ones with respect to the fields F and 

[F]=A$ = 0, (3.21) 

T± = T'^iGf,^d±x^'d±x'' - 2 V± 5±$- A $) = , (3.22) 

where the T± are energy-momentum tensor components in the light-cone basis. 

Let us compare these equations with ones obtained before, using canonical methods. 
The equation ( |3.15| ) follows from ( |3.21| ) and ( 3.22| ). The equation ( |3.18| ) in the light-cone 



basic obtains the form 

uj uj (2) 

[x^] =Vt d^xf" + V^p^dixPd^x" -^a^R = , (3.23) 

because [x'^] = [x^] + [x^] and [x'^] = [x^] as a consequence of the above symmetry 
relations. Then we can conclude that [i^] and [J^] contain longitudinal and transversal 
parts of [x'^] respectively 



= -4 + [F]) , 2[J'^] = P^^ix'^] + ^[F]. (3.24) 



We prefer the equations of motion in the form ( 3.14[ )-( ^.16| ), with the canonical origin. 



because they are more appropriate for geometrical interpretation. 
3.3 Stringy torsion and nonmetricity 

Let us apply the general considerations of Sec. 2 to the string case. Instead of general 
mark °, the mark * will indicates the presence of nonmetricity felt by the string, and lower 
indices it will indicate the presence of the corresponding form of torsion felt by the string. 
Absence of any sign will means that the connection is Christoffel. 

The manifold Md, together with the affine connection "T^p and the metric G^^, de- 
fine the affine space-time Ad = {M£),°r,G). The connection ( p. IT]) we will call stringy 
connection and the corresponding space-time So = iMD,*^±, G), observed by the string 
propagating in the background G^^^, B^^y and <I>, we will call stringy space-time. The 
classification of space-times dependence on the background fields contributions, will be 
investigated in Sec. 4. 

The antisymmetric part of the stringy connection is the stringy torsion 

^T±^, = ^r±^, - ^r±e^ = ±2P^^i?;, . (3.25) 

It is the transverse projection of the field strength of the antisymmetric tensor field B^y. 
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The presence of the dilaton field <I> leads to the breaking of the space-time metric 
postulate. It means that the metric G^y is not compatible with the stringy connection 
This fact can be expressed by the nontrivial stringy nonmetricity 

*Q±tipa = -*D±pGpa = -^D±p{apaa) ■ (3.26) 

Consequently, during stringy parallel transport, the lengths and angles deformations de- 
pend on the vector field a p. 

Note that *T±vp-, *T^ufi ^^'^ *Q±fip(T are invariant under scale transformation of the 
dilaton field by the constant <I> — > k^. 

The stringy Weyl vector 

'Qf^ = ^Gf^*Q^pp, = ^^dpif , (3.27) 
is a gradient of the new scalar field ip, defined by the expression 



1. o 1 

4 



= -- In = --\n{G'"'dp'^du<l>) . (3.28) 



It does not depend on the antisymmetric field Bp^^ and consequently on the it indices. 
The stringy angle preservation relation 

±p.pu= *Q±ppa — Gpcr*Qp = , (3.29) 

is a condition on the dilaton field Generally, in stringy geometry both the lengths and 
the angles could be changed under the parallel transport. 
Using the relation 

*K±ppa- + -*Q±{ppa} = ^-^*Tppa + -*Q{ppa} > (3.30) 

instead (|2T5| ), we can write 

^±p.,pC7 = ^p,pcr i — Tppcr -\- — Q{ppa} ) (3.31) 

where the quantities *Tpp„ = 2P'^1^Byp„ and *Qppa = -*DpGp„ = ^Dp^apUa) do not 
depend on it indices. In fact, the last term is *Q{ppcr} = '^^DpUa-, so that we can recognize 
our starting expression ( 3.17| ). 

In the stringy geometry, covectors are covariantly constant target space vectors 

*D±pa^ = 0. (3.32) 

By definition it means that *6ap = dup, or that the covector ap{x), after parallel transport 
from the point x to the point x+dx with the connection *r^^^^, is equal to the local covector 
ap{x + dx). So, covector field Up is stringy teleparallel, because its parallel transport is path 
independent. Note that as a consequence of nonmetricity, the above feature valid only for 
covectors a^, and not for the vectors a'^. 
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4. Background fields contribution to the space-time geometry 



In this section we will make the classification of space-time, depending on the presence 
of the background fields. We will analyze the field equations and find their geometrical 
interpretations. 



4.1 Riemann space-time induced by metric G 



Let us start with the case where only nontrivial background field is the metric tensor G^jy, 
while B^,y = = Then, instead of J-t^, the current takes the form j^^ = vr^ it kG^ux'^' , 
but with the same Lagrangian expression = \/2KGfj,i,d±x'^ . The canonical Hamiltonian 
has the similar form as in ( 3.10 ) 

= h-t^ + h+t^, (4.1) 
with following expression for the energy-momentum tensor 



= Tj-G^'j^.jL . (4.2) 



The absence of the dilaton field leads to the conformal invariance of the action. 
Consequently, the field F and the corresponding equation [i^] are absent. The first two 
equations of motion ( |3.14| ) and ( p. 15 ) survive in the simpler form 

[jg] = a±x^ + T''p^d±xPd^x'' = , [h^] = G^,d±x^'d±x'' = O , (4.3) 

where Fpo- is the standard Christoffel connection. 

The world-sheet projection and orthogonal projection of the equation Uq], obtain the 
forms 

5"^('-Z,-rI,) = 0, (4.4) 

and 

5°^6^„ = 0. (4.5) 

Here, F^^ is induced world-sheet Christoffel connection ( p. 42]) and 6^^ is corresponding 
SFF ( |2l6D . 

The [h^] equation can be written in the form 

G±± = eleiGap = , (4.6) 

where Gap = G^^dax'^dpx'^ is world-sheet induced metric. Because in the light-cone frame, 
the intrinsic metric is off-diagonal, g±± = 0, we have Gab = ^9ab, i(i,b G {+,—})) or 
equivalently 

Gaf3 = >^ga/3 ■ (4.7) 

Multiplying the last equation with (7"^, we obtain the expression A = ^g'^^Gap, so that 
\/—G = yf—g^g'^^Gafs- The last relation connects the Polyakov and Nambu-Goto expres- 
sions for the string action. We can rewrite ( |4.7] ) in the form 



so that, because of the conformal invariance, only the metric densities are related. 

From ( [4.7| ) we obtain relation between intrinsic connection u;^^ and induced one F^^ 

u^lp = Tlp-5l\p-5lK + g^pg^'\s, (A.^i^^lnA) (4.9) 



which is also a solution of (4^). Therefore, both intrinsic world-sheet metric tensor and 
intrinsic connection, are equal to the induced ones from the space-time up to the conformal 
factor A. This is expected result, because of the conformal invariance of the action. The 
complete equality of the metric tensors and connections is just the choice of the gauge 
fixing A = 1. 

With the help of equation ( |45| ) becomes 

= = 0. (4.10) 

Therefore, all MFCs, corresponding to the normal vectors n^, are equal to zero. In the 
geometrical language the world-sheet S is minimal surface. From starting D equations of 
motion, two define intrinsic connection in terms of the induced one and D — 2 define the 
MFC. 

The string with the background field G^i, does not see the torsion and nonmetricity. 
It feels the target space as Riemann space-time of general relativity ||8|, ^. 

4.2 Stringy Riemann-Cartan space-time induced by metric G^y and antisym- 
metric tensor B^y 

In the next step, we include antisymmetric background field but still keep <I> = 0. 
Now, the relevant current is already defined by expression ( |3.5| ), with the same form 
of Hamiltonian ( |3.10| ) and with the energy-momentum tensor 

t± = T^G^''j±^.3±u- (4.11) 
With the same reason as in the previous subsection, we have again two equations of motion 

[f] = a±x^ + T^p^d^xPd^x'' = , [h^] = G,.,a±x^a±x^ = o . (4.12) 

Now, two forms of connection 

r^,^ = Fe^±i?^^, (4.13) 

and corresponding two forms of covariant derivative D±fj_, appear. The new term in the 
connection is the field strength of the antisymmetric tensor, defined in ( B.10| ). Note that 
G^,y and B^^, always appear in the combination 11-1-^,^ = B^^rt^^G^v, so that the generalized 
connection ( [4.13| ) can be expressed as in ( p.l2| ). 
The torsion 

T±^. = r±^.-r±e^ = ±2S^., (4.14) 

is the field strength for the antisymmetric tensor. In this case the contortion is proportional 
to the torsion K±fj_yp = \T±^j_yp = ±Bpi,p. 
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As well as in the case of Riemann space-time, the same relations between metric tensors 
( |4.7| ) and between the connections (|4.9|), follow from the [h^] equation (4.12). 
We can rewrite the [j'^] equation in the form 

Its world-sheet projection produce 

~-9 



9^'{^l,-^l,) = -^Bl^^ (4.16) 



where S^/j is the world-sheet torsion, induced from the target space. Because it is totally 

-"0/3 



antisymmetric, in two dimensions it vanishes, B^a = 0. So, we obtain the same equation 



(|4.4| ), as in the case of Riemann space-time. 

The orthogonal projection of the [j^] equation takes the form 

g^fbi^p = -^Bi^fs , (4.17) 

or equivalently 



e 



{g''^ ± -^)b±,p^ = . (4.18) 

We used two forms of SFF b±ia/3 = n'^G fj,uD±pdaX^ , which are connected b±iap = b^i^a- 
So, ( [4.18 ) contains only one independent equation of motion. 

Again, both two dimensional intrinsic metric tensor and two dimensional intrinsic 
connection, up to the conformal factor, are induced from the target space. So, we can 
rewrite the above equation in terms of induced metric 

(G"^±^^)6±i^, = 0, ^ H,±*H±i = {). (4.19) 

There is unique MEC Hi and two types of DMECs *H±i, satisfying the relation *H±i = 
—*H^i. So, the equations ( [4.19| ) with upper and lower indices are equal. In this language 
equation of motion means that MEC is equal to DMEC, or that world-sheet S is C-dual 
(antidual) surface. 

Consequently, the string with background fields G^^ and feels the target space 
as Riemann- Cartan space-time ^ ^. Note that the world-sheet is torsion free while the 
space-time is not. 

4.3 Stringy torsion free space-time induced by background fields G^u and <i> 

Let us consider the case when the fields G^^, and $ are present, while B^^, is absent. The 
equations of motion ( |3.14| )-( |3.16| ) obtain the form 

[J^'] = Vt d±x'' + ^T^'p^dixPO^x" = , (4.20) 

[h^] = G^^d^xf'd^x" - 2 V± a±«> = , (4.21) 
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[i^] =R^^ +^{D^au)d^xf'd±x'' = 0, (4.22) 



and can be rewritten as 



The connection 



[jM] ^ + *r^^,d^xPdfsx^j = o , (4.23) 

[h^] = G±± - 2 V± a± = , (4.24) 

(2) (7°/5 

[i^] = ii +^{D^a^)dpx>' = . (4.25) 

*r^^ = r^^ + 5^M«-, (4.26) 

obtains the new term, which is the origin of the nonmetricity 

*Q^^pa = -'D^Gp„ = ^D^{apa„) , (4.27) 

while the torsion is zero. 

Let us find the induced connection and the SFF, for this case. With the help of ( 4.26| ) 
we have ^ 

*Dpd^x^ = Dpd^x^ + ^ {Di3a^)dax'' . (4.28) 

The world-sheet projection produce the induced connection 

^^I^ = ^I;, + ^(I?/^a,)a„x^ (4.29) 
and the normal projection produce the SFF 

%p = C + ^{Dpa^)dax>' ■ (4.30) 

Now, we are going to derive the useful relation between the space-time and the world- 
sheet covariant derivatives, which we will frequently use later. 



Substituting mark °, with mark * in (|2.59| ) and separating dependent terms, we 
obtain 

-.2 



Vavp = {D^V^ ^Daap)d(^x'' + *bip^ . (4.31) 



Here, is the component of the covector orthogonal to the world-sheet. For — > 
we have 

1 la* 

— {Daap)dpx'' = — VaO/j T^hi^a , (4.32) 

where a| = C^^aaCLp is a length of the world-sheet projection of the vector field a^. We 
also used the relation = -|- aa-*- . 

With the help of ( [1.32| ), the stringy torsion free connection ( [4.29| ) becomes 



= Kp + -2 - . (4.33) 

«2 "2 
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The stringy torsion free world-sheet covariant derivative is 

{av)2 , 



and for vp ^ ap^ it produces 



(4.34) 



(4.35) 



Let us turn to the equations of motion. The world-sheet and orthogonal projections 
of [J^] equation are 







0. 



(4.36) 



9'"'*bi^f, = 0. (4.37) 

The last equation, together with ( 4.35| ) produce g'^^*VaCLj3 = 0, and with the help of second 
equation (|4.3q ) we obtain Vi o=f ~ ^^ 

We will preserve the condition G±± = 0, or equivalently Gap = )^gaf3, because the 
light-cone line must be the same in terms of the intrinsic and induced metrics. Then, the 
new term in [h ] equation vanishes V± cl± = 0, which complete the above condition 



Va a/3 = . 



(4.38) 



As well as in the previous two cases, from the relation Gap = ^Qap follows the equal- 
ities of the intrinsic and induced metric densities. The relation between corresponding 
connections changes in the presence of the nonmetricity 



*Qal3-y = (*r — Xu!)p^^a + — X^)'y,f3a — '^^aGp^ . (Aq = ^da In A) 

From ( 4.33| ) and ( [4.38| ) we have a^(*r — Xuj)p^ya = —0**^170 and consequently 

*Qap^a'^a'^ = -2a'a'^%,pa - 1a\\a ■ 
On the other hand, from ( |427| ), ( ^^ ) and ( ^3^ we obtain 

1 a* 

Qa/37 = —^a{P'pa^) 2 ^«7a + '^7 ^i/3a) ) 



and 



''QaP'ya^a' = daa\ — 2a!'a^*bipa ■ 



(4.39) 



(4.40) 



(4.41) 



(4.42) 



Subtracting ( 4.40| ) from ( [4.42| ), we obtain the equation for A, f^olnA = — cJo-lnal- Its 

solution is easily to be found, A = Therefore, when the dilaton field $ is present, the 

"2 

theory lose conformal invariance and the coefficient A is determined. In our case, we have 
relation between intrinsic and induced metric tensors 



ffa/s — a\Gap 



(4.43) 
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and between intrinsic and induced connections 



7 



'^Ifi - ^l^a - ^^o. + GapG^^\& - h'Q^^o^f)} ■ = In (4.44) 



With the help of ( |4.32| ) and ( |4.37] ) , from the equation [i^] we obtain the expression for 
the intrinsic world-sheet curvature 

R = r^aap. 4.45 

Let us find its relation with the induced one. Both curvatures we can relate with the hat 
curvature R 

, a; (2) „ ^ , , ^ 

^R =^/^g{R + 2AF), ./^R^^^ = ^{R + 2AFg) , (4.46) 



where in agreement with ( |A.1| ) we use light-cone variables for both intrinsic and induced 
metrics gap {h^,F), Gap (h^jFc)- Eliminating R and using ( 4.43| ) (which is equiv- 
alent to the relation Fq = -F — ^ Ina^) we have 

R^^^ =alR^^ -Alnal, (4.47) 

where A is Laplace operator for the induced metric A = e~'^^^A. So, in our case with the 
help of ( [4.45 ) we have 

i?(2) = J_A$- Alnai. (4.48) 

The equation ( [4.37| ) with the help of ( [4.43| ) takes the form 

*Hi = ^G''^%ipa = 0. (4.49) 

Consequently, all stringy MECs, *Hi, vanish and the world-sheet is stringy minimal surface. 

Therefore, the string with background fields Gfj^i, and <I> can see the space-time non- 
metricity. The corresponding target space we call stringy torsion free space-time. 

4.4 Stringy space-time induced by background fields Gfj_^, B^y and <I> 

Finally, in the last step we include the dilaton field <I>, so that all three background fields 
are present. 

The equations of motion are the complete ones, (P^)-(|3l^), with two forms of con- 



nections (3.17). The string feel both torsion and nonmetricity defined by the expressions 



(3.25) and ( p.26| ) respectively. Separating the dependence, we can rewrite the field 



equations in the form 

.aP 



[ JM] ^ g^P {^Dpdax^ - ujlpd^x^^) - ^P'^^yB'^ap = , (4.50) 
[/i±] = G±±-2V±a± = 0, (4.51) 
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;(2) 



9 



al3 



af3 



0. 



(4.52) 



We will follow the considerations of the previous two cases. First, we find the conse- 
quences of the relation (2.59) substituting mark ° with marks and separating the 
dependent terms. The contribution of the B^^^p term disappears and we obtain the same 
relations (|^) and ( ^l32|) . 

The stringy connection and stringy world-sheet covariant derivatives are 



*p7 



±a/3 



(4.53) 



where *r^^ and *Va'^p are defined in (4.33) and ( [4.34| ), so that ( f4.35| ) still valid because 
B'^"' Pa disappears. 

The stringy world-sheet induced nonmetricity has a form 



-"0/37 J 



(4.54) 



where ^Qap^y has been introduced in ( CT) , and B^^^ = d^x^^Bf" a'y is a world-sheet 
projection of the longitudinal part of the field strength B^a-y 

The world-sheet and the normal projections of the [J^] equation are 



a/3/*p7 _ 7 ^ 



9 



-9 



B'^ iap , 



Using (|43^ ), ( p5D and (14561) we obtain 



-5 



(4.55) 
(4.56) 

(4.57) 



This is the same result as in the torsion free case, V± = 0. 

For the same reason as in the previous case, we will preserve the condition G±± = 0, 
which is equivalent to the relation Ga/s = ^9ai3- Together with the [h^] equation it gives 

V± a± = 0, and finally the same equation ( |4.3q ), Vq a/3 = 0. 
The relation between the connections is similar to ( 4.38| ) 



*Q±al3'y = (*r-|- — Xu!)f3^^a + (^F-j- — Xuj)^^/3a — '^^aGp^ , (A^ = \da In A) 

but now we have a^{*T± — Xuj)p^-ya = —a^*biyct i a^Bj^^, so that 



The equation ( [4.54 ) produce 



-2a'a'^*bi0a - 24Xa ± 2Bj^^a^a 



Since 



Bji^a + Bp^a - Bpya - , 



/37Q 



(4.58) 

(4.59) 

(4.60) 
(4.61) 



-25- 



because it is totally antisymmetric two-dimensional tensor, we have the same equation for 
A with the same solution (1^). 



With the help of ( 4.32| ) and ( [4.56 ) the [i^] equation becomes 



iu (2) G°'f^ e"^ 
R = —"^aa/B + 



a" 



-9 



(4.62) 



Using the properties a^Bf^^ + a'^B, 



■ya/B 



and ( 4.61| ), we again have ( 4.45| ). 



Consequently, from ( 4.47| ) we obtain ( [4.48 ), as well as in the torsion free case. 
The equation of motion ( 4.5(j ) with the help of ( 4.43 ) takes the form 



(4.63) 



So, the world-sheet S is stringy C-dual (antidual) surface. For ^Qi^ip^j = it turns to ( 4.1S| ) 
and for "T^p^ = to ( ^l9[) . 

The string propagating in the presence of all three background fields G^y, B^y and 
feels both space-time torsion and nonmetricity. The corresponding target space we call 
stringy space-time. 

There are some other possibilities which we will not consider here. For example, the 
presence of B^^ field only, will lead to the flat space-time with torsion, which is known as 
teleparallel space-time. 



5. The space-time measure 

Using the stringy geometry considered in the previous sections, let us try to discuss possible 
forms of the space-time actions. Generally it has the form 

*S = j d^x *n "-C, (5.1) 

where *Q is a measure factor, and *C is a Lagrangian, which depends on the space-time 
field strengths. 

We are going to find invariant measure, which means that: 

1. it is invariant under space-time general coordinate transformations; 

2. it is preserved under parallel transport; 

3. it enable integration by parts. 

The second requirement is equivalent to the condition *D±p*'Vl = 0. The third one, is 
consequence of the Leibniz rule, and the relation 

J d^x^n^D^^V^" = J d^xd^CnV), (5.2) 

so that we are able to use Stoke's theorem. 

For Riemann and Riemann-Cartan space-times, the solution for the measure factor is 
well known Q = \J —G [G = det G^^). For spaces with nonmetricity, this standard measure 
is not preserved under the stringy parallel transport, and requirements 2. and 3. are not 
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satisfy. Instead to change the connection and find volume-preserving one, as has been done 
in ref. we prefer to change the measure. Let us try to find the the stingy measure in 
the form *J7 = A{x)\/—G. In order to be preserved under the parallel transport with the 
stingy connection, it must satisfy the condition 

^D^^iV^A) = d^iV^A) - ^r^^^^/^A = . (5.3) 

Using the relation 

^e-'^)=r^^^^ + ^*Q,, (5.4) 

we find the equation for A , dnA = ^*QnA. The fact that the stringy Weyl vector 



*Qfj, is a gradient of the scalar field tp, defined in ( |3.28| ), help us to solve this equation 
obtaining A = e"^*^. The stringy measure factor, preserved under parallel transport with 
the connection *r^^, obtains the form 

*n = V^e'^'f . (5.5) 

Note that now we have *r±^p = df^ln*Q, and consequently (|5.2|) is satisfied. So, we 
can use the integration by parts for stringy derivatives *D±fj_, if we use the stringy measure 
*Q. Therefore, all requirements are satisfy. 

Let us shortly compare the action ( [5.1D with the space-time action of the papers [Q, |5| . 
In spite of their different origin there are some interesting similarities. The Lagrangians 
from these papers are scheme dependent (see ||l2|), and can be reproduced with suitable 
combinations of our invariants: the stringy scalar curvature, stringy torsion and stringy 
nonmetricity. 

We are particularly interested to compare the integration measures. The measure 
factor of the papers ^, \/—Ge~'^^, has the same form as our one and confirm the 
existence of some space-time nonmetricity. The requirement of the full measures equality, 
= leads to to the Liouville like equation for the dilaton field 

Gf^'df.^d^^ - e"^* = . (5.6) 

For D = 2 it turns to the real Liouville equation. 

Note that there are some considerable differences between these approaches. Their 
result has been obtained in the leading order perturbation theory in powers of the curvature, 
while our result is non perturbative. Their result is a consequence of quantum one loop 
computation, while our result is classical. 



6. Conclusions 

In this paper, we considered classical theory of the bosonic string propagating in the non- 
trivial background. In particular, we are interested in the space-time geometry felt by the 
string. 

In Sec 2, we investigated geometry of the surface embedded into space-time with torsion 
and nonmetricity. The breaking of space-time metric postulate produces two forms of 
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SFF, °biai3 ( |2.3lD and °biai3 (|2.27] ), and consequently, two forms of MEC, whose difference 



is proportional to nonmetricity. We cleared the meaning of MEC in Minkowski space- 
time °H' (see (|2^ and (|2^)), and introduced the concept of DMEC (|2?76|) as 



orthogonal projection of the mean torsion. In order to find geometrical interpretation 
for the field equations, we defined C-duality which maps MEC to DMEC. The torsion 
changes the equation of embedded surfaces. Instead of the usual minimal surface °Hi = 
0, we introduced C-dual (antidual) surface defined by the self-duality (self-antiduality) 
conditions, °Hi = ±*Hi. 

Then we considered the equations of motion (3.14)-( p.l6| ), which have been derived 



in ref. ||l| using Hamiltonian approach, and independently in Sec. 3 using Lagrangian 
approach. With the help of the general decomposition of the space-time connection, we 
have concluded that the stringy space-time has nontrivial torsion and nonmetricity, origi- 
nating from the antisymmetric field B^j^i, and dilaton fields We obtained their explicit 
expressions ( 3.25 ) and ( 3.26| ). 



In sec. 4, we clarified the space-time geometry dependence on the background fields. 
In the presence of the metric tensor G^u, the space-time is of the Riemann type, while the 
world-sheet is a minimal surface. The inclusion of the target space antisymmetric field Bfj^i, 
produces Riemann-Cartan space-time and the world-sheet becomes C-dual surface ( 4.ig| ). 



In both cases the intrinsic metric and connection are equal to the induced ones, up to 
conformal transformation. 

The appearance of the dilaton field ^ broke the compatibility between the space-time 
metric tensor and stringy connection. It also broke conformal invariance, introducing new 
component of the intrinsic metric tensor F, and consequently, the new equation of motion 
[i^]- This new field equation allows us to calculate the induced world-sheet curvature ( 4.4j ) 
as a function of the dilaton field. 

When all three background fields G^^, B^i, and $ are present, the string feels the 
complete stringy space-time and the world-sheet becomes stringy C-dual surface ( 4.63| ). 



The theory looses conformal invariance, and the relation between the intrinsic and induced 
variables is fixed ( [4.43 ). The corresponding factor is the length of the world-sheet projection 



of the gradient of the dilaton field. 

In Sec. 5, we constructed the integration measure for the theories with nonmetricity. 
In fact, the stringy Weyl vector is a gradient of the scalar field necessary to make 
the integration measure invariant under parallel transport. We discussed the connection 
between our measure and that of the papers [Q, |5|, in spite of their quite different origin. 
Their result is quantum and perturbative while our is classical but non perturbative. In 
particular, our scalar field 99, defined in (|3.28| ), is different from their <I>, but has the same 
position in the expression for the measure. These two measures are equal for 99 = <I>, which 
is the condition on the dilaton field <I> in the form of the Liouville like equation (| 



A. World-sheet geometry 

It is useful to parameterize the intrinsic world-sheet metric tensor gap-, with the light-cone 
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variables h , F) (see the papers ||T], [T^, |ll|) 
The world-sheet interval 

ds^ = gaf^dCd^'^ = 2d^+dr , (A.2) 
can be expressed in terms of the variables 

d^^ = ^e^{d^^ - h^df) = e^di^ = e^adC ■ (A.3) 
v2 

The quantities e^a define the light-cone one form basis, 9^ = e^ad^^, and its inverse 
define the tangent vector basis, e± = e±°'da = d±. We will use the relations 

a/3 

r,»''ea"efe^ = e+"e_^ + e_"e+^ = 5"^, e'^'^ea'^eb'^ = e+'^eJ - e-'^e+^ = ^= , (A.4) 
where a,b £ {+, — }. 

In the tangent basis notation, the components of the arbitrary vector have the form 

V± = e-^V± = e±"y„ = ^l[+ (^o + h^Vi) • (A.5) 

In this notation, the Laplace operator becomes A= e~^^A where A = —2'SJ±d^:. We 
also use the relation 

, a; (2) ^ . 

= ^{R^^^ +2AF). (A.6) 

B. Space-time geometry and world-sheet as embedded surface 

In this appendix, we introduce some notations and define the properties of D dimensional 
space time M^. We also present space-time and world sheet classification, which depends 
on the background fields. 

► In the affine space-time, = {M£),°T,G), the linear connection 

can be expressed in terms of Christoffel one, contortion and nonmetricity. The Christoffel 
connection 

= + - a.G.^) , (B.2) 

depends only on the space time metric tensor G^jy. The contortion is a function of the 
torsion ^ ^ 

which itself is defined as 
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A, 







Figure 4: Classification of space-time. Ao is affine space-time, So is stringy space-time, Sd 
is stringy torsion free space-time, Ud is stringy Riemann-Cartan space-time and Vd is Riemann 
space-time. 



The nonmetricity tensor is 



All covariant derivatives are defined in the standard way 



(B.5) 



° D V = d V — °TP V 



(B.6) 



The world-sheet is afRne C-dual (antidual) surface 



.al3 



(B.7) 



► In the Riemann space-time, Vd = (M£),r,G), the torsion and nonmetricity vanish 
^Tpij = 0, °Qpa = 0, and the connection is just the Christoffel one °Tup = T^p- 
The world-sheet is minimal surface 



(B.8) 



► In the stringy Riemann-Cartan space-time, Ud = iMD,^±,G), there are two types 
of the torsion 

°T^a^T^pa = ^^B^a, (B.9) 
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where the new term is the field strength of the antisymmetric tensor 

B^up = d^Bvp + duBpfj, + dpB^v = D^B^p + DuBp^ + DpBp,^ . (B.IO) 
Consequently, there are two types of the connection 

which can be expressed in terms of the variables G±p,v = i2n±^i^ = Gfj^n ± 23^^^ 

r±p,i.M = ]^{duG±^p + d^G±py - dpG±f,u) , (B.12) 

in the similar way as ^p^u^i can be expressed in terms of Gp^i,. The nonmetricity in the 
stringy Riemann-Cartan space-time vanishes, °Qppa = 0. 
The world-sheet is C-dual (antidual) surface 

Hi = ±*H^i, ^ (G'"^^-^^^b^ipa = 0. (B.13) 

► In the stringy torsion free space-time, S^i = (M/j, *r, G), the torsion vanishes °Tpa = 
0, while the nonmetricity and connection obtain the forms 

°QfMp(r — *Qnpa = —*Df^Gpa = -^Dp_{apaa) , (B-14) 

and ^ 

^ *re^ = + ^D^ciu . (B.15) 

The world-sheet is stringy minimal surface 

*Hi = ^G'^'^*bi^^ = 0. (B.16) 

► Finally, in the stringy space-time, Sd = {MD,*r±,G), both the torsion and the 
nonmetricity survive in the following forms 

°TP, ^ *r±^, = ±2P^^S^, = ±2G(^-i)^S^, , (B.17) 

°Qiiprj *Q±npa = —*D±^Gpcr = -^D±p_{apa„) , (B.18) 
with the contribution of all three background fields G^i,, Bf^i, and The stringy connection 



°re^ ^ "T^,^ = r^,^ + ^D^pa, = P^^'.Tl^p + ^dpa, , (B.19) 
has the following symmetry 

*r^,^ = *r^^^,. (B.20) 

Covariant derivatives of the vector field a^, have a properties D±pai, = Dzp^ap and 
*D±pa, = 0. 

The world-sheet is stringy C-dual (antidual) surface 

*Hi = ±*H^i, ^ (^G''f^=f-^^yb^ipa = 0. (B.21) 



-31 - 



References 



B. Sazdovic, Bosonic string theory in background fields by canonical methods. 

M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, Cambridge University Press, 
1987. 



E. S. Fradkin and A. A. Tseythn, Phys. Lett. B 158 (1985) 316; Nucl. Phys. B 261 (1985) 1 



C. G. Callan, D. Friedan, E. J. Martinec and M. J. Perry, \Nucl. Phys. B 262 (1985) 593| . 



T. Banks, D. Nemeschansky and A. Sen, Nucl. Phys. B 277 (1986) 67 



B. M. Barbashov and V. V. Nesterenko, Relativistic string model in hadron physics, 
Energoatomizdat, Moscow, 1987; Introduction to relativistic string theory, World Scientific, 
Singapore, 1990. 



D. Sorokin, \Phys. Kept. 329 (2000) 1 . 

M. Blagojevic, Gravitation and gauge symmetries, loP Publishing, Bristol, 2002. 



F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne'cman, Phys. Kept. 258 (1995) 1 



M. Blagojevic, D. S. Popovic and B. Sazdovic, Mod. Phys. Lett. A 13 (1998) 911; Phys. Rev. 



D 59 (1999) 044021; D. S. Popovic and B. Sazdovic, Mod. Phys. Lett. A 16 (2001) 589 



B. Sazdovic, Phys. Rev. D 59 (1999) 084008; O. Miskovic and B. Sazdovic, Mod. Phys. Lett 



A 17 (2002) 1923 



A. A. Tseytlin, \lnt. J. Mod. Phys. A 4 (1989) 1257 . 



-32- 



